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ABSTRACT  
A mechanical model for the prediction of the shear strength of reinforced concrete (RC) beams 
with longitudinal and transverse FRP reinforcement is presented. The model assumes that in FRP RC 
beams, the shear force is taken by the un-cracked concrete chord, by the residual tensile stresses along the 
crack length and by the FRP stirrups. Failure is considered to occur when the principal tensile stress at the 
concrete chord reaches the concrete tensile strength, assuming that the contribution of the FRP stirrups is 
limited by a possible brittle failure in the bent zone. The accuracy of the proposed method has been 
verified by comparing the model predictions with the results of 112 tests. The application of the model 
provides better statistical results (mean value Vtest/Vpred equal to 1.08 and COV of 19.5%) than those 
obtained using the design equations of other current models or guidelines. Due to the simplicity, accuracy 
and mechanical derivation of the model it results suitable for design and verification in engineering 
practice. 
 
Keywords: B. strength, B. stress transfer, C. analytical modelling, FRP stirrups. 
 
1. INTRODUCTION 
Fibre reinforced polymer (FRP) bars can be considered an advantageous alternative to steel bars 
for internal reinforcement of concrete structures, especially in environments exposed to corrosion. In 
these type of environments, the employment of FRP stirrups has even more sense than the use of 
longitudinal reinforcement because they are normally located as an outer reinforcement with respect to 
the flexural rebars [1]. In relation to the mechanical properties of the FRP reinforcement, the main 
*Manuscript
Click here to view linked References
 1 
 2 
 3 
 4 
 5 
 6 
 7 
 8 
 9 
10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 
21 
22 
23 
24 
25 
26 
27 
28 
29 
30 
31 
32 
33 
34 
35 
36 
37 
38 
39 
40 
41 
42 
43 
44 
45 
46 
47 
48 
49 
50 
51 
52 
53 
54 
55 
56 
57 
58 
59 
60 
61 
62 
63 
64 
65 
differences in comparison with steel, are a lower modulus of elasticity and a linear elastic behaviour up to 
rupture, which implies a lack of plasticity. 
It is commonly accepted that the shear strength in a RC beam is composed by the contribution of 
several mechanisms, as reported by [2], which can be summarized in: a) the shear resisted by the concrete 
compressed chord; b) the friction forces developed along the crack length, which are contrary to the 
relative displacement of both crack faces (aggregate interlock); c) the residual tensile strength existing 
between inclined cracks; d) the shear strength provided by the longitudinal reinforcement (dowel action); 
e) the shear strength provided by the transverse reinforcement (if it exists).  
As described by Fico et al. [3], in the case of FRP reinforced concrete beams, the mechanical 
properties of the FRP longitudinal and/or transverse reinforcement affect the shear resisting mechanisms 
described for conventionally steel reinforced beams. According to [3], the contribution of the uncracked 
concrete chord for FRP RC beams differs from conventional RC beams. The main difference is related to 
the neutral axis depth, which is lower than in the steel case before it yields. However, since the FRP 
reinforcement does not yield, the compression area does not decrease further with increasing the load up 
to failure.  
Due to the FRP lower shear stiffness, crack widths are bigger, reducing the aggregate interlock, 
the residual tensile strength between inclined cracks and the dowel action mechanisms. In the 
experimental program of Tottori and Wakui [4], it was observed that the dowel capacity of elements 
reinforced with FRP is lower (about 70%) than when using reinforcing steel. According to [3], the shear 
strength provided by the dowel action of the FRP longitudinal reinforcement can be neglected for usual 
bar diameters, since it is smaller than other shear strength contributions even for steel reinforcement. 
The FRP transverse reinforcement contribution depends on the level of stresses attained by the 
reinforcement. Since the FRP is linear elastic up to failure, the stirrups do not yield, and their level of 
stresses should be evaluated. In addition, it should be considered that the FRP stirrups tend to fail 
prematurely, in particular if they are intercepted by the shear crack in the proximity of the bent portion [5] 
due to stress concentration at this area. The tensile strength of the bent part of the bar is less than that of 
the straight part as observed in [1], [6]. After failure of the most stressed stirrup, its force is transferred to 
the rest of the stirrups crossing the critical crack leading to a progressive failure of them. According to 
this, and as will be shown later on, the FRP design guidelines limit the strain allowed in the FRP stirrups 
to lower values at ultimate state.  
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Therefore, in beams with longitudinal and transverse FRP reinforcement, it can be considered 
that the shear forces are resisted by the same mechanisms as for conventionally RC beams with steel 
stirrups. However, due to the lower modulus of elasticity of the FRP compared to steel, wider and deeper 
cracks develop, and all the shear resisting components are lower in comparison to conventionally steel 
RC beams. Consequently, the overall shear capacity of concrete members reinforced with FRP bars is 
lower than that of elements reinforced with steel bars [7].  
Shear design equations of FRP reinforced concrete beams with stirrups have been developed and 
some of them have been included in design guidelines (ACI-440.1R-06 [8], CNR-DT200/2003 [9], CSA 
S6-09 addendum [10], CSA-S806-12 [11], JSCE [12], ISIS-M03-01 [13]). According to all of them the 
shear strength of FRP RC structures with FRP stirrups is the sum of the concrete and the transverse FRP 
reinforcement contribution. 
Appendix 1 summarizes some of the most relevant or recent existing shear design equations for 
FRP reinforced elements with FRP stirrups including some of the formulations and guidelines analysed 
by [3], [14], [15]. 
A considerable number of studies have been focused on the concrete shear strength contribution, 
but the research quantifying the stirrups contribution is relatively limited [15].  
Fico et al. [3] performed a review of the current design provisions and presented an assessment 
of the Eurocode-like design equations for predicting the shear strength of FRP RC members with and 
without stirrups, considering the CNR-DT200/2003 [9], CSA S806-02 [16], JSCE [12], ACI-440.1R-06 
[8]. By comparing the experimental and the theoretical ultimate shear forces of a database of 85 tests with 
FRP stirrups, Fico et al. [3] concluded that the least average value for Vexp/Vpred was given by the CNR-
DT200/2003 [9] with the least coefficient of variation (32%) and the most conservative model was the 
JSCE [12]. In consistency with the experimental results of Nagasaka et al. [17] where the average stress 
of FRP stirrups was only half of the breaking strength of bent portions, Fico et al. [3] suggested a limit 
strain value for the stirrups contribution depending on the fibre type: 0.0035 for CFRP, 0.0070 for AFRP, 
and 0.0085 for GFRP bars. By applying this limit strain value when calculating the stirrups contribution 
to the shear strength, and calculating the remaining contributions according to [9] for his database of 85 
tests, the average value of Vexp/Vpred without safety factors was 1.03, and the coefficient of variation was 
30%. In addition, a limit of the transverse stirrups ratio of 1% was recommended for more reliable 
predictions.  
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Machial et al. [14] compared, through a database of 46 tests with stirrups, the performance of the 
same guidelines as [3] and some other models, such as the CSA S6-09 addendum [10], the ISIS-M03-01 
[13], the Modified Compression Field Theory [18], the Cracked Section Analysis model [4] and the 
modified Zsutty equations [19]. From the statistical analysis, the ISIS-M03-01 [13] produced the best 
results with a mean value Vexp/Vpred (MV) of 1.09 and a COV of 20.5%, followed by the Nehdi et al model 
[19] (MV =1.34, COV=25.3%) and CSA-S6-09 (MV=1.48, COV=25.9%). However, Machial et al. [14] 
concluded that the Addendum CSA S6-09 [10] gave the best balance of accuracy, scatter and efficiency 
because the ISIS-M03-01 [13] model produced unreliable results in calculating the concrete shear 
strength contribution. 
Hegger et al. [20] developed a shear design equation where the concrete shear strength 
contribution has a Eurocode-like format, affected by some parameters related to the presence of FRP 
longitudinal reinforcement. The FRP shear reinforcement contribution depends on a limit stirrup strain 
based on the results of existing experimental work. Hegger et al. [20] verified their formulation through a 
database of 88 tests with FRP stirrups, with a mean value Vtest/Vpred of 1.02 and a COV of 18%.  
Recently, Razaqpur and Spadea [15] presented the background of the CSA Standard S806-12 
[11] for FRP and compared their predictions with those of some other methods (JSCE [12], CSA S6-06 ; 
ACI 440.1R-06 [21], CNR-DT203/2006 [9], Hoult et al. [22]) through a database of 119 tests. According 
to the variable angle truss model presented in [15], the two main parameters that affected the shear 
strength of FRP RC beams with transverse reinforcement were the angle of inclination of the diagonal 
concrete struts, θ, and their compressive strength, fcd. Their conclusion from the comparative analysis was 
that the CSA S806-12 gave more accurate results than the remaining methods, with a mean value 
Vexp/Vpred of 1.15 and a coefficient of variation of 20%.  
Marí et al. [23] recently developed a conceptual model, fully based on structural mechanics 
principles, for the prediction of the shear-flexural strength of RC beams with and without transverse steel 
reinforcement. The model assumes that, after the development of the first branch of the critical shear 
crack, failure is considered to occur when the stresses at any point of the concrete compression chord 
reach the assumed biaxial stress failure envelope. Simple and direct equations for shear strength 
verification and for design of the transverse reinforcement were provided. In [23], the method was 
validated by comparing its predictions with the results of 1131 shear tests, obtaining very good results in 
terms of mean value and coefficient of variation. A simpler version of this method for FRP RC beams 
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without stirrups had been previously presented and experimentally verified in [24]. The model predictions 
were compared with the results of 144 tests on FRP reinforced concrete beams, providing better results 
than those obtained using the design equations of current codes of practice. The mean value of the 
experimental to theoretical ultimate shear force ratio Vexp/Vpred was 1.09 and the COV was 14.8%. 
In the present paper, this model has been extended to evaluate the shear strength of FRP RC 
structures with FRP stirrups, considering the stirrups and the concrete contribution according to the 
observed behaviour in the existing experimental tests. To study the performance of the proposed shear 
formulation for FRP RC beams with FRP stirrups in comparison to the existing models, the authors have 
assembled an experimental database of 112 tests on rectangular FRP RC beams with FRP stirrups, which 
is summarized in Appendix 2. 
 
2. EXPERIMENTAL DATABASE 
2.1. Description of the database 
A database of 122 tests of FRP reinforced concrete structures with FRP stirrups tested under one 
or two point load that failed in shear has been compiled based on the database of Fico et al. [3], Shehata et 
al. [1] and Razaqpur and Spadea [15] and some additional existing experimental programs. From this 
database, only 112 specimens had a rectangular section and the remaining 10 specimens had a T-section. 
The T-section specimens were not considered in the statistical analysis since the sample was not 
representative. The range of the variables of the 112 tests with rectangular section is presented in Table 1. 
Appendix 2 summarizes the details of the specimens analyzed.  
Table 1. Range of variables in the compiled database of 112 tests of FRP RC beams with FRP stirrups. 
 Min Max 
b (mm) 150 457 
d (mm) 170 937 
a/d 1.2 4.3 
fc (MPa) 20.0 84.2 
ρ (%) 0.51 3.65 
Er (GPa) 29 140 
ρ Er (MPa) 34 3171 
ρt (%) 0.04 1.50 
Et (GPa) 30 144 
ρt Et (MPa) 38 1695 
Vu (kN) 49 590 
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2.2. Failure modes of the existing experimental programs 
In conventionally steel RC beams, there are different failure modes depending on the 
longitudinal and transverse reinforcement ratios and on the shear span to depth ratio. Changes in these 
failure modes are observed in the case of FRP RC beams with FRP stirrups due to the linear elastic 
behaviour of the FRP reinforcement. In conventionally RC beams, if the longitudinal reinforcement ratio 
is low, failure may be often due to a flexural-shear mechanism. Then, as described in [23], first of all 
flexural cracks initiate, and subsequently develop inclined through the web. As the load increases, 
damage concentrates around the so-called shear critical crack. After increasing the applied load, a second 
branch of the crack develops inside the concrete chord, eventually connecting the first crack and the point 
where the load is applied, producing failure. For this type of failure, the increment of tensile force in the 
longitudinal reinforcement due to the inclined crack, which depends on the shear force, will produce 
yielding of the longitudinal reinforcement. This is not the case for FRP longitudinal reinforcement, which 
is linear elastic up to failure, and which has an ultimate tensile strength higher than the steel yielding 
stress. In addition, designers are often required to use FRP longitudinal reinforcement ratios higher than 
the balanced reinforcement ratios to meet the serviceability criteria.  
If the longitudinal reinforcement ratio is high, the transversal steel stirrups of conventionally RC 
beams might yield, and concrete chord crushing can be observed (brittle flexural failure). This type of 
failure can also develop in FRP RC beams with FRP stirrups. However, in this case, concrete crushing 
will occur if the FRP stirrups do not have previously failed locally in the bent zone. 
Finally, in thin-walled beams, the web of the beam will crush if the inclined compressive stresses 
exceed the concrete strength.  
The failure modes of some of the existing experimental programs have been analysed to evaluate 
the shear behaviour of FRP RC beams with FRP stirrups. As experimentally observed, the main 
difference of the shear behaviour of beams with FRP stirrups compared to conventional beams with steel 
stirrups is that stirrups do not yield, and they usually fail in their bottom bent zone. According to [25], 
[26], [27], and [6], this type of failure can be explained by the fact that bending of the FRP bars into the 
stirrups configuration, significantly reduces its strength at the bent portions, due to their unidirectional 
characteristics. A summary of the failure modes of some of the existing experimental programs is 
presented in the following. 
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Nagasaka et al. [17], in 1993, tested 35 half scale rectangular beams with different type (CFRP, 
GFRP, AFRP, Hybrid, steel) and ratio (0, 0.5, 1.0 and 1.5%) of transverse reinforcement, different 
concrete strengths and clear span. Half of the specimens with FRP stirrups (12 out of 24 tests) failed due 
to breaking of the stirrups at the bent zone and the rest of the specimens failed due to the crushing of 
concrete struts formed between two adjacent diagonal cracks or by crushing from flexural-compression. 
In the experimental program of Zhao et al. [28], including 19 specimens with different types and 
ratios of longitudinal and transverse reinforcement, a shear compression failure was observed in almost 
all tests, without the rupture of any stirrup, except for beam #2. In this case, the manufacture process of 
the stirrups, monolithically in the form of a closed loop, might have influenced the type of failure.  
Ahmed et al. [10] tested three T-beams with CFRP stirrups 9.5 mm diameter with different 
spacing. The tensile strength of the stirrups was around ftu = 1538 N/mm2 and their bend strength was 712 
N/mm2 (46%·ftu). Two of the three beams failed by diagonal tension failure due to the rupture of the 
stirrups initiated at the bent part, and the remaining one failed by flexure. 
Bentz et al. [29] developed an experimental program of 11 shear tests of FRP RC beams, 5 of 
them with and 6 without GFRP stirrups. The beams showed different longitudinal GFRP reinforcement 
ratios and different transverse GFRP reinforcement ratios (ρt = At/s/bw). In relation to the failure mode of 
the tests with stirrups, Bentz et al. [29] reported that beam L05-1 failed in shear by stirrup rupture at the 
bottom bent zone with a maximum measured strain at mid-height of the beam of 55% the bare-bar rupture 
strain. Beam L05-2 failed at flexure, even though shear failure was imminent. Beam L20-1 failed by 
sliding along a large diagonal crack, showing the rupture of the stirrups at failure. Beam L20-2 failed in 
flexure by concrete crushing with the rupture of some stirrups. Bentz et al. [29] concluded that, with 
multiple layers of longitudinal bars, the stirrups rupture did not occur at the bent location (as in beam 
L05-1) but near the end of the lap-splice (L20-2). 
Shehata et al. [1], [27] tested 10 T-beams in shear: 4 with CFRP stirrups, 4 with GFRP stirrups, 1 
with steel stirrups and 1 without shear reinforcement. Test variables were the material and spacing of 
stirrups, and the type of flexural reinforcement (8 with steel strands, 2 with CFRP strands). All beams 
failed in shear before yielding or rupture of the longitudinal reinforcement. In the 8 beams with FRP 
stirrups, shear failure was initiated by rupture of the FRP stirrups at the bent zone (6 beams) or by 
crushing of the concrete in the shear span (2 beams). According to the experimental results, the effective 
stress in the stirrups at failure was as low as 50% of the strength parallel to the fibres provided that shear 
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failure occurs due to the rupture of the stirrups. For closely spaced stirrups, a lower contribution of the 
stirrups was obtained. It might be because the chance for the diagonal crack to intersect the bent zone of 
the stirrups is higher [1], [27]. 
Niewels [20], [30] carried out an experimental program with 4 concrete beams with FRP flexural 
and shear reinforcement tested in shear in two phases. The variables of the tests were the type 
longitudinal bar and stirrups, and the amount of transverse reinforcement. The beams with stirrups failed 
in the shear compression zone due to overstress in shear and compression. Stirrups strains above 10‰ 
were measured. However, the stirrups did not fail due to concentration of stresses at the bent zone. 
Spadea [31] performed an experimental program of 40 beams (8 series of 5 identical specimens) 
with GFRP or CFRP longitudinal and transverse reinforcement tested in a 4 point-bending configuration. 
Shear failure was observed in almost all tests. In series I and III, the diagonal shear crack opened near the 
load application point with an inclination angle over 70º. In the remaining beams, the shear crack opens at 
mid shear span with θ angles ranging between 41º and 65º. A shear failure with the critical crack closer to 
the load application point or at mid shear span was observed in Series I, III, V and VII. Series II, IV, VI 
and VIII failed due to concrete crushing at the compression chord produced by the combined shear-
flexural effect. According to [31], the stirrups were not broken at failure. 
As a conclusion, from the existing experimental tests with FRP stirrups compiled in the database 
where failure was clearly reported (42 tests), 43% of tests failed due to rupture of the FRP stirrups in the 
bent zone and the remaining 57% tests failed due to concrete crushing of the struts between inclined shear 
cracks or due to crushing at the concrete chord. However, it is not clear enough if in the latter group, the 
stirrups crossing the critical diagonal crack had already failed or not.  
Finally, it is important to highlight that the observed experimental failures should be considered 
in the formulation of any theoretical model to evaluate the shear strength of FRP RC beams with FRP 
stirrups. 
 
3. PROPOSED SHEAR-FLEXURAL MECHANICAL MODEL FOR FRP RC BEAMS WITH 
FRP STIRRUPS 
3.1 Behaviour of FRP RC beams with FRP stirrups 
The shear transfer action of a beam without stirrups can be represented, in a simplified manner, by a truss 
model (see Fig. 1), with a compression concrete chord; a tensile chord, which is the longitudinal 
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reinforcement; inclined concrete struts between cracks and inclined concrete ties which may cross the 
cracks up to a certain load level (Fig. 1a). These ties represent the resultant of the residual tensile stresses 
and the frictional stresses along the crack. The inclination of the ties depends on the crack opening. As the 
load increases, the crack width also increases, and the angle of concrete tie with respect to the horizontal 
(Fig. 1b) tends to increase. Then, the contribution of the shear resisted along the crack (Vw) is reduced and 
compensated by an increment of inclination of the compression chord (strut BD in Fig. 1), which 
increases the shear taken by the compression chord, Vc. In summary, according to the above described 
evolution of the shear transfer mechanisms, it is expected that, for large crack widths, the web 
contribution to the shear strength is relatively small when compared to that of the compression concrete 
chord. When the cracks are very wide, the capacity of the concrete tie results very weakened and its force 
is reduced. Thus, due to equilibrium conditions in the bottom node, the diagonal strut must unload and the 
increment of force ∆T at the tensile reinforcement also decreases. At a certain load level, the equilibrium 
of this region is no longer possible as a truss, and failure occurs. 
 
Fig. 1. Strut and tie models for moderate and large crack widths. 
In order to obtain the failure load, the shear stress distribution must be determined at any load 
level. For this purpose, consider a slice of a diagonally cracked beam without stirrups, as shown in Fig. 
2a, where the neutral axis depth is assumed to be placed at the crack tip. Fig. 2b shows the distribution of 
normal and shear stresses in sections 1 and 2. Since the normal stresses in the compression chord due to 
flexure are higher in section 2 (where the moment is higher), there is a point inside the un-cracked chord 
where the difference ∆σ(z) = 0 and, consequently, the shear stresses have a maximum upwards the neutral 
axis. This fact is more noticeable as the crack width increases, especially for FRP RC beams. 
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Fig. 2. Stresses distributions in diagonally cracked reinforced concrete members. 
 
The presence of FRP stirrups modifies the resisting mechanism at failure. The stirrups provide 
the necessary tensile forces to satisfy the equilibrium of the truss, without the need of the concrete ties. 
However, in addition to the direct contribution of the stirrups to the shear strength, the stirrups provide a) 
a constraint to the diagonal crack opening, increasing the friction and the residual stresses; b) vertical 
confinement stresses on the compressed concrete chord, increasing its strength; and c) a support to the 
longitudinal bars, constraining their vertical displacement and enhancing their capacity for shear transfer. 
However, the friction and residual stresses as well as the dowel action effect are less important for FRP 
than for conventionally steel RC beams. 
The contribution of each shear transfer mechanism to the shear strength depends on the load 
level and especially on the crack opening. The higher the crack width, the lesser is the shear transferred 
along the cracks, and the higher is the shear taken by the un-cracked concrete chord, which has its shear 
transfer capacity enhanced thanks to the presence of normal stresses.  
3.2 Basic assumptions of the method 
(1) At the ultimate load level, shear and bending are resisted by the joint contributions of the un-
cracked concrete zone (Vc), the transverse reinforcement crossing the diagonal critical shear 
crack (Vt), the tensile stresses transferred along the crack, (Vw), depending on its width, and the 
shear transferred by the longitudinal reinforcement (Vl), see Fig. 3.  
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Fig. 3. Shear transfer mechanisms considered. 
(2) The following distributions of stresses along the concrete chord depth have been assumed: a) 
linear distribution of σx, which is consistent with the moderate level of normal stresses that exist 
in the critical section, as will be shown later; b) a parabolic distribution of the shear stresses, 
with τ = 0 at the top fiber and at the neutral axis and with its maximum at y = c/2 (see Fig. 4), 
being c, the neutral axis depth. Such assumption barely affects in practice the shear stress 
resultant (Vc). 
 
 
Fig. 4. Considered distributions of stresses at the un-cracked concrete chord. 
(3) The depth of the un-cracked concrete zone is equal to the neutral axis depth in pure bending. 
(4) Failure occurs when the tensile principal stresses (σ1) reach the concrete tensile strength. 
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(5) The projection of the critical shear crack is considered to be equal to 0.85·
value is in accordance with experimental observations made by the authors for RC beams
[32]–[34]. 
(6) For beams with constant geometry and reinforcement amount along their lengt
section in front of a combined shear
support. On the contrary, it is considered to be placed at the tip of the first branch of the critical 
diagonal crack [23] (see Fig. 5).
Fig. 5. Position of the critical section in the beam.
(7) The critical point inside the compression chord, where failure will initiate, will be that with the 
principal stress at failure equal to the tensile concrete strength, and will depend on the 
distributions of normal and shear stresses along the concrete un
out by the authors [24] showed that for the linear and parabolic distributions assumed for the 
normal and shear stresses, respectively, the critical point is placed at a distance from the neutral 
axis c around y = 0.425·c, for ratios 
critical crack develops. In addition, the 
the concrete chord does not affect the 
(8) The FRP stirrups have a linear elastic 
that the strain at each stirrup is proporti
forces along the inclined crack is linear, be
crosses the longitudinal reinforcement
d (see Fig. 3)
h, the weakest 
-bending failure is not placed at a fixed distance from the 
  
 
-cracked chord. Studies carried 
x/d = M/(V·d) < 3.0, which are values where usually the 
assumption made for the distribution of shear stresses in 
value of the shear stress at the critical point.  
response up to failure. According to that, and assuming 
onal to the crack opening, the distribution of stirrups 
ing maximum near the crack mouth, where the crack 
 (see Fig. 6).  
. This 
 [24] 
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(9) It is assumed that the longitudinal reinforcing bars are effectively anchored, so that all 
reinforcement is effective at the shear critical section. 
 
 
3.3 Shear strength of beams longitudinally reinforced with FRP bars and with transverse FRP 
stirrups 
3.3.1 Contribution of the FRP stirrups 
The contribution of the FRP stirrups can be calculated as the sum of the tensile stresses at the 
stirrups crossing the critical shear crack, whose horizontal projection is equal to 0.85·d, as shown in Eq. 
(1) in a dimensionless form: 
0.85 0.85t t t t t t
t
ct ct ct
V E
v f b d f f
ρ σ ρ ε⋅ ⋅ ⋅ ⋅ ⋅
= = =
⋅ ⋅
                       (1) 
where ρt is the transverse reinforcement ratio; fct is the concrete the tensile strength; Et is the modulus of 
elasticity of the transverse reinforcement; and εt is the mean strain in the FRP stirrups, considering that 
the FRP stirrup at the crack tip fails due to rupture at the bent zone. As stated in [1], [6] and [10], the 
tensile strength of the bent part of the FRP stirrups is significantly lower than that of the straight part. 
According to the JSCE [12] the maximum stress at the stirrup reduced by the bent at its corner can be 
expressed as: 
0.05 0.3bt tu tu
b
r f f
d
σ
 
= ⋅ + ⋅ ≤ 
 
              (2) 
According to [7], the ACI 440 Committee modified this equation to make it more conservative 
as follows: 
0.05 0.11 0.25bt tu tu t tu
b
r f f f
d
σ σ
 
= ⋅ + ⋅ ⋅ ≤ ≤ 
 
           (3) 
According to the JSCE [12] formulation, the mean value of the tensile stress at the stirrups for 
failure at the bent zone is 45% of the ultimate stress of the stirrup. This value is similar to that 
recommended by other authors, such as Guadagnini et al. [35]. The mean value of the ACI-440 
Committee is more conservative, 26% of the ultimate stress of the stirrup. According to the experimental 
background summarized in section 2, the value given by the JSCE is more similar to the maximum strain 
measured at the stirrups just before failure. Therefore, Eq. (2) will be used in the following development. 
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According to assumption 7, the stirrup close
stirrup at the crack tip, whose stresses are almost zero.
fails locally in the bent zone and the stresses in the remaining stirrups crossing the critical shear crack 
follow a linear distribution. 
Fig. 6. Linear distribution of stresses in the FRP stirrups crossing the critical shear crack.
The mean value of the strain of all the
function of the number of stirrups or in a simplified 
most loaded stirrup can be considered. Therefore, the 
obtained as half of the stirrup strain at failure 
,lim0.50· 0.50 0.45 0.225t t tu tuε ε ε ε= = ⋅ ⋅ = ⋅
where εtu is the ultimate strain of the transverse FRP stirrups.
In [15], the stress in the shear reinforcement, 
stress at failure in the bent zone, but also the permissible value to limit the diagonal crack width under 
service load. In addition, at ultimate limit state
In the existing guidelines, the value of the stirrups strain that limits the diagonal crack width ranges 
between 0.0025 and 0.005 [15].  
In the present paper, the diagonal crack width has not been limited, so 
reinforcement is assumed as the value associated to stirrup 
be explained by the fact that the aggregate interlock
opening in section 3.3.2.  
3.3.2 Shear transferred along the crack  
st to the crack mouth carries higher stresses than the 
 Thus, it is assumed that the most loaded stirrup 
 
 
 stirrups crossing the shear crack can be obtained as a 
manner, a mean value of 0.50 times the strain in the 
mean strain at the stirrups crossing the crack can be 
of the FRP bent zone. 
              
 
σt, is not only the value associated to the maximum 
, σt should not diminish the aggregate interlock component. 
the stress in the shear 
failure at the bent zone. This assumption can 
 effect is formulated as a function of the crack 
(4) 
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The shear transferred along the critical shear crack is considered due to the residual tensile 
stresses and the frictional stresses, both related to the three dimensional irregularities of the crack surface. 
The residual stresses are the tensile stresses that can be transferred across a concrete crack in tension, up 
to a maximum crack width. Frictional stresses are those, which oppose to the slip between both surfaces 
of the crack, and decrease as the crack width increases. Both types of stresses are interrelated as crack 
opening and crack slip are too, but it is difficult to obtain them separately. For this reason, in this work 
only the residual stresses are considered and it will be assumed that the resulting principal stresses are 
normal to the average crack surface.  
To evaluate the residual tensile stresses, a tensile stress-strain relationship with a post-peak linear 
softening branch will be considered, in which the ultimate tensile strain εct,u depends on the fracture 
energy.  
Even though the tensile stresses along the crack will have an approximately triangular 
distribution, an energetically equivalent constant distribution of tensile stresses of value fct/2 will be 
adopted in this work for simplicity (see Fig. 7). The length along the crack where the tensile stresses are 
extended will be called lw, and its vertical projection (depth of the tensile zone) will be called cw. Then, 
the expression of the shear force resisted along the crack, Vw, is: 
0
cos cot
sin
wl w
w w w w w
cV b dl b c bσ σ θ σ θ
θ
= ⋅ ⋅ ≈ ⋅ ⋅ ⋅ = ⋅ ⋅ ⋅∫                           (5) 
The value of cw can be obtained by setting the compatibility of deformations in a direction 
normal to the crack as explained in Marí et al. [23]: 
, 2( ) sinct uw
s
c d c
ε θ
ε
= − ⋅ ⋅                           (6) 
Substituting Eq. (6) in Eq. (5), Vw can be expressed as: 
, 20.425 sinct uw ct
s
V f b d ε θ
ε
= ⋅ ⋅ ⋅ ⋅ ⋅                               (7) 
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Fig. 7. Tensile stress-strain curve for concrete and tensile residual stresses at the crack. 
As explained in [23], the ultimate concrete tensile strain, εct,u, can be related to the fracture 
energy Gf, which can be expressed as a function of the concrete strains at the beginning of the macro-
cracking (εct,cr = fct/Ec,), the ultimate tensile strain (εct,u), and smθ, the average spacing of the inclined 
cracks. 
, , 2
2 2 2
1f f f cct ctct u ct cr
ct m c ct m c ct m
G G G Ef f
f s E f s E f sθ θ θ
ε ε
⋅ ⋅ ⋅ ⋅ 
= + = + = ⋅ + 
⋅ ⋅ ⋅ 
            (8) 
The shear transferred along the crack, can be, then, expressed in dimensionless terms, as: 
2
2
20.425 sin 1 f cw ctw
ct c r ct m
G EV f
v f b d E f s θ
θ
ε
⋅ ⋅ ⋅ ⋅
= = + 
⋅ ⋅ ⋅ ⋅ 
           (9) 
The mean spacing between inclined cracks, smθ, varies from one point to the other of the crack 
and is affected by bond with the longitudinal and transverse reinforcements. In this work, it is assumed 
that the crack close to the critical shear crack is formed in the vertical of the mid-height of the shear 
critical crack (see Fig. 8). This is in accordance with the observed experimental crack patterns of some 
existing tests, such as [10]. Therefore, the average crack spacing, smθ, is considered equal to: 
s
mθ =
d −c( )
2
cosθ                (10) 
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Fig. 8. Diagonal crack spacing. 
The strain, εr, at the longitudinal reinforcement, can be expressed as a function of the maximum 
strain at the transverse stirrups:  
ε
r
= εt ⋅cotθ                      (11) 
In addition, a conservative value for the mean angle of the crack can be assumed, (θ=41.4º which 
corresponds to c/d = 0.25). Then, the diagonal crack spacing, smθ, from Eq. (10) is similar to the effective 
depth divided by 4, d/4, and the following simplified equation for the shear transferred by the crack can 
be obtained: 
2
80.386 1 f cw ctw
ct t c ct
G EV f
v f b d E f dε
⋅ ⋅ 
= = ⋅ + 
⋅ ⋅ ⋅ 
            (12) 
3.3.3 Contribution of the longitudinal reinforcement to the shear-flexural strength 
As a consequence of the crack slip and the crack opening, the longitudinal reinforcement is 
subjected to a relative vertical displacement between the two surfaces of the crack. The FRP stirrups 
provide a constraint to the vertical movement of the longitudinal bars, enabling them to transfer a certain 
shear. An expression for this shear strength component, Vl, was obtained in [23] (see Eq. (13)), 
considering that the longitudinal bars are doubly fixed at the two stirrups adjacent to the crack initiation 
point, and are subjected to bending due to a relative imposed displacement between their ends. 
V l ≈ 0.64 ⋅
E
r
f
ct
⋅ ρ ⋅ φ
2
⋅d
st
3 ⋅
ε
r
1−ξ                (13) 
where φ is the diameter of the bars, st is the longitudinal spacing between the stirrups, ρ is the longitudinal 
reinforcement ratio, ξ = c/d is the relative neutral axis depth and εr is the strain at the longitudinal 
reinforcement. Equation (13) is not too operative, since the stirrups spacing is not known a priori in the 
design. In addition, the contribution of the longitudinal reinforcement is less than 5% of the shear strength 
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and, therefore, such complex expression is not justified. Then a simplified equation is proposed, obtained 
by assuming usual values of φ/st = 0.1, d/st =2, εr= εt· tanθ = εt·(1-ξ)/0.85  and Ec/fct = 10000, which 
results in: 
vl =
Vl
f
ct
⋅b ⋅ d
≈ 153.3⋅α ⋅ ρ ⋅εt                            (14) 
According to the database presented in section 2, the dimensionless contribution of the 
longitudinal reinforcement has a mean value of 0.018, which represent only a mean value of 2.3% of the 
total shear strength. Therefore, to simplify the formulation of the total shear strength, the dowel action 
effect will be neglected in the following. This assumption is in accordance with other existing references 
such [3] (see section 1). 
3.3.4 Contribution of the un-cracked concrete chord to the shear-flexural strength 
The contribution of the un-cracked concrete chord to the shear-flexural strength is based on the 
formulation developed by Marí et al. [23] for RC beams with and without steel stirrups, which was  
adapted for the case of FRP RC beams without stirrups [24]. A brief summary of the model is described 
below.  
The shear force carried by the concrete chord when the principal tensile stress reaches the 
concrete tensile strength, is obtained by integrating the shear stresses along the concrete chord, as follows:  
( ) ( ) ( )0 16 1 6 1
c
t ct x
c
t t t t ct
b c f b cV y b dy f
τ σ
τ λ λ λ λ
⋅ ⋅ ⋅ ⋅
= ⋅ ⋅ = = ⋅ +
⋅ ⋅ − ⋅ ⋅ −
∫                                                  (15) 
where fct is the concrete tensile strength, b is the section width, c is the neutral axis depth calculated 
according to Eq. (16), and σx and τt  are, respectively,  the concrete normal and shear stresses at the failure 
point, placed at a distance y = λt·c from the neutral axis.  
The value of the neutral axis depth, c, is: 
21 1c
d
ξ α ρ
α ρ
 
= = ⋅ ⋅ − + +  
⋅ 
                                                                                (16) 
being the reinforcing ratio ρ=Ar/(b·d) and the modular ratio α = Er/Ec, where Er is the internal 
reinforcement longitudinal modulus. 
For the particular case of λt=0.425, Eq. (15) becomes Eq. (17): 
( ) 1 0.682 16 0.425 1 0.425
ct x x
c ct
ct ct
f b cV f b cf f
σ σ⋅ ⋅
= ⋅ + = ⋅ ⋅ ⋅ ⋅ +
⋅ ⋅ −
                                   (17) 
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where, the normal concrete stress σx at y = 0.425·c can be obtained as follows: 
2
x
C
b c
λ
σ
⋅ ⋅
=
⋅
                                                                                                                                        (18) 
To obtain the resultant of the compressive stresses at the concrete chord, equilibrium between the 
internal forces (V, M) and the stress resultants at the concrete chord (C, Vc) along the crack (Vw), at the 
stirrups (Vt) and at the longitudinal reinforcement (T) is taken in the portion indicated by Fig. 3. 
Equilibrium of moments is taken with respect to the point A, where the critical crack reaches the 
reinforcement. 
tanwC T V θ= + ⋅                                           (19) 
c w tV V V V= + +                                           (20) 
cos
w
c w t t c w w t t
VC z M V d z V z M V d V d V dβ β β β
θ
⋅ = + ⋅ ⋅ + ⋅ + ⋅ = + ⋅ ⋅ + ⋅ ⋅ + ⋅ ⋅
                      (21) 
Then, the normal stress σx at the critical point (y = λt·c) of the compression chord, can be 
expressed as function of the internal forces as Eq. (22): 
( )22
( )
3
c w w t t
x
M V d V d V dC
cb c b c d
λ β β βλ
σ
⋅ ⋅ + ⋅ ⋅ + ⋅ ⋅ + ⋅ ⋅
⋅ ⋅
= =
⋅
⋅ ⋅ −
                                                              (22) 
where M is the bending moment acting on the section. 
After incorporating Eq. (22) into Eq. (17), the dimensionless shear force resisted by the concrete 
chord can be written as follows: 
( )
( )
2
0.682 1
1 3
w w t t cc
c
ct
v v vV
v f b d
λ µ β β βξ ξ ξ
⋅ ⋅ + ⋅ + ⋅ + ⋅
= = ⋅ ⋅ +
⋅ ⋅ ⋅ −
                    (23) 
To simplify the notation, a total moment µ* is defined by Eq. (24). 
*
w w t tv vµ µ β β= + ⋅ + ⋅                (24) 
Thus Eq. (23) transforms into Eq. (25), which is a second order equation in νc. 
( )
( )
*2
0.682 1
1 3
c
c
v
v
λ µ βξ ξ ξ
⋅ ⋅ + ⋅
= ⋅ ⋅ +
⋅ −
            (25) 
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The solution of Eq. (25) has been represented in Fig. 9 for different dimensionless moment, µ*. 
As observed, the concrete chord contribution to the shear strength is a linear function of the neutral axis 
depth, ξ.  
  
Fig. 9. Dimensionless un-cracked concrete chord contribution vs. dimensionless neutral axis depth. 
Therefore, the solution of Eq. (25) can be adjusted almost exactly by the following linear 
expression: 
* *0.903 0.260 0.012 0.1325cv µ ξ µ = + ⋅ + +                           (26) 
The dimensionless moment µ*.is the sum of three components (see Eq. 24). In order to obtain νt,, 
Eq. (11) must be used, assuming a triangular distribution of forces at the stirrups along the crack. 
Therefore, the lever arm of the force at the stirrups is βt = 0.85·d/3. With respect to the residual force 
along the crack, νw, its lever arm, βw, is calculate from Eq. (27) 
2
0.85 0.5 cot
cos
w
w
c dθβ
θ
− ⋅ ⋅
=               (27) 
For practical reasons, and since νw is small compared to vc, an average value according to the 
database of Appendix 2, of νw = 0.15, is adopted in Eq. (24). In addition, the moment at the section where 
the critical crack initiates, conservatively, as the cracking moment, whose non-dimensional value for 
rectangular cross sections is µ = 0.2, approximately. Then Eq. (24) transforms into: 
µ* ≃ 0.305+ 0.28 ⋅vt                (28) 
0.0
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Then, by substituting Eq. (28) into Eq. (26) the following expression for νc is obtained
[ ]0.9826 0.0728 0.0506 0.0371c t tv v vξ= + ⋅ ⋅ + + ⋅                           (29) 
In order to obtain a more simplified practical equation, the term 0.0371·νt is included inside the 
parenthesis, by assuming an average value for ξ = 0.25, resulting the following simplified expression for 
vc:  
[ ]0.98 0.22 0.05c tv v ξ= + ⋅ ⋅ +                            (30) 
In the case of beams longitudinally reinforced with FRP, due to the low stiffness of the bars, the 
neutral axis depth is lower and the concrete stresses higher than in steel reinforced concrete beams. Thus, 
the actual concrete stresses distributions in the compression zone are not linear. For this reason, in order 
to adequately calculate the neutral axis depth, ξ, the value obtained using a linear stress distribution must 
be corrected, as obtained by Marí et al. [24], by a factor which depends on the modular ratio, α =Er/Ec 
where Er and Ec are the elastic modulus of the longitudinal reinforcement and the concrete, respectively. 
Eq. (30) can be adjusted taking into account also the modular ratio of the reinforcement, α, by the 
following linear expression: 
( ) ( )( )1.072 0.01 0.98 0.22 0.05c tv vα ξ= − ⋅ ⋅ + ⋅ ⋅ +                       (31) 
The dimensionless shear transferred by the un-cracked concrete chord, vc, must be modified to 
account for the size effect due to the brittle character of the failure that takes place when the second 
branch of the critical crack develops. For this purpose, the empirical model proposed by Zararis and 
Papadakis [36], based on the splitting test analogy, is adopted. According to such model, the size effect on 
the shear failure of slender beams seems to depend on the size of the shear span a, that would be 
proportional to the diameter of the specimen of an hypothetical splitting test that occurs at the beam 
compression zone, between the point where the load is applied, and the tip of the first branch of the 
critical shear crack: 
1.2 0.2 1.2 0.2 0.65aa d
d
ζ = − ⋅ = − ⋅ ⋅ ≥              (32) 
with a and d in meters. 
Then, considering the size effect, the concrete chord contribution to the shear strength is given 
by Eq. (33). 
 1 
 2 
 3 
 4 
 5 
 6 
 7 
 8 
 9 
10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 
21 
22 
23 
24 
25 
26 
27 
28 
29 
30 
31 
32 
33 
34 
35 
36 
37 
38 
39 
40 
41 
42 
43 
44 
45 
46 
47 
48 
49 
50 
51 
52 
53 
54 
55 
56 
57 
58 
59 
60 
61 
62 
63 
64 
65 
( ) ( )( )1.072 0.01 0.98 0.22 0.05c tv vζ α ξ= ⋅ − ⋅ ⋅ + ⋅ ⋅ +                      (33) 
3.3.5 Ultimate shear strength 
The total shear resisted will be the sum of the following three components: 
( )c w t ct c w tV V V V f b d v v v= + + = ⋅ ⋅ ⋅ + +                           (34) 
where vc, vw  and vt are given by Eqs. (33), (12) and (1), respectively. 
The model also provides the position where the critical shear crack starts, xcr = Vu/Mcr, the 
position of the critical shear section, xu = xcr + 0.85·d and the bending moment concomitant with the 
ultimate shear Vu, given by Eq. (34). 
In addition, as explained in section 2, it should be verified that a brittle flexural failure does not 
occur before reaching the shear strength given by Eq. (34). Therefore, the ultimate shear force will be the 
minimum value given by Eqs. (34) and (35). The bending moment that corresponds to a brittle flexural 
failure mode at the section under the load application (x = a), can be obtained by applying equilibrium 
and compatibility, assuming that the most compressed concrete fibre reaches the ultimate concrete strain, 
εcu (see Eq. (36)). In this case, εcu has been assumed equal to 0.004. 
,u brit flexV M a=                                           (35) 
2
,
0.8 1 0.4u brit flex c
brit flex brit flex
c cM f b d
d d
    
= ⋅ ⋅ ⋅ ⋅ ⋅ − ⋅         
                        (36) 
where: 
40.5 1 1
brit flex
c K
d Kλ λ
  
= ⋅ ⋅ − + +       
                          (37) 
0.005 r
c
EK fλ
ρ ⋅
= ⋅
                              (38) 
 
4. DESIGN EQUATION FOR FRP STIRRUPS 
When designing in shear an FRP RC element with FRP stirrups, the amount of transverse 
reinforcement can be obtained in dimensionless form by Eq. (39), as the difference between the design 
shear force, vSd, and the shear force resisted by the concrete compression chord (vc) and by the crack (vw), 
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given by Eqs. (33) and (12) respectively. Eq. (39) can be obtained by incorporating the concrete 
contribution which depends on the contribution of the stirrups vt. 
If vSd >vc +vw ; vt =
vSd −ζ ⋅ 1.072 − 0.01⋅α( ) ⋅ 0.98 ⋅ cd + 0.05





−vw
1+ 0.22 ⋅ζ ⋅ c
d
⋅ 1.072 − 0.01⋅α( )
                (39) 
where vSd is the dimensionless design shear force, given by Eq. (40), which is a data of the problem. In 
this case, the critical shear section can be considered to be placed at a distance d from the support. 
vSd =
VSd
f
ct
⋅b ⋅d
                       (40) 
In relation to the minimum amount of transverse reinforcement, it is necessary to have at least 
two stirrups that cross the diagonal crack, in order to be able to consider aggregate interlock. Therefore, 
the maximum stirrups spacing should be lower than 0.425·d. 
 
5. VALIDATION OF THE MODEL. COMPARISON WITH EXPERIMENTAL RESULTS 
The performance of the proposed model when predicting the ultimate shear force is evaluated in 
this section together with other existing models described in Appendix 1 through the database described 
in section 2 and compiled in Appendix 2. Table 2 summarises some statistical information related to the 
ratio between the experimental and the theoretical ultimate shear force, Vtest/Vpred.  
The average of the Vtest/Vpred ratio is directly related to accuracy. The most accurate model is the 
proposal presented in this paper with the mean value closest to 1.0. (Vtest/Vpred = 1.08). The less accurate 
method is the CNT-DT-203/2006 [9] guideline without applying safety factors. The standard deviation, or 
the coefficient of variation (COV%), is a measure of precision. The proposed model shows the lowest 
COV equal to 19.5%. From the models proposed in Codes or Guidelines, the CSA-S806-12 [11] 
presented the lowest COV, equal to 22.9%, and the ACI 440.1R-06 [8] showed the highest COV, 37.1%.  
If the dowel action was considered in the proposed model, the mean value would be 1.02 and the COV 
19.4%, very similar to the actual results. 
Fig. 10 presents the correlation between the experimental ultimate shear force, Vtest, and the 
theoretical prediction, Vpred, for the considered models. A tolerance of 15% has been represented in the 
graphs. It can be seen that the proposed rational method presents a very good correlation with the tests. In 
addition, its performance is similar to that of CSA-S806-12 [11], to the model based on genetic algorithm 
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of Nehdi et al. [19], and to the model of Hegger et al. [20], experimentally adjusted. This fact shows that 
the model is able to mechanically reproduce the behaviour of FRP RC beams with FRP stirrups. 
Fig. 11 shows the ratio Vtest/Vpred in relation to the longitudinal reinforcement ratio affected by its 
modulus of elasticity, Er·ρ. As observed, the performance of the proposed model does not depend on this 
ratio. The dispersion of the different models can also be observed in Fig. 11.  
In a similar manner, Fig. 12 shows the ratio Vtest/Vpred for the transversal reinforcement ratio by 
its modulus of elasticity, Et·ρt. For the proposed model, the dispersion is higher for low values of Et·ρt. In 
addition, the proposed model performs in a similar manner than the model of Nehdi et al. [19]. For the 
ACI 440.1R-06 [8] and the JSCE [12] guidelines, the ratio Vtest/Vpred decreases for increasing values of 
Et·ρt.  
In [24], a statistical comparison of the existing models for the prediction of the ultimate strength 
of beams longitudinally reinforced with FRP bars and without stirrups was performed. As observed the 
coefficient of variation of the existing formulations ranged between 14.8% for the proposal presented by 
Marí et al. [24] to 22.31% for the CNR-DT-203/2006 [9] guideline. In any case, the COV for the 
prediction of the ultimate shear strength with the formulations with stirrups is higher than for the case of 
beams without stirrups. This fact can be explained by the uncertainty in the definition of the stresses in 
the FRP stirrups. 
 
Table 2. Verification of the design procedures 
 
 112 beams with FRP stirrups 
Vtest/Vpred 
ACI 
440.1R-06 
[8] 
CSA S6-09 
Add. [10] 
 
CSA S806-
12 
[11] 
JSCE 
[12] 
CNR-DT-
203/2006 
[9] 
Fico et al. 
[3] 
Nehdi et al. 
[19] 
Hegger et 
al. [20] Proposal 
Average  1.54 2.03 1.33 2.73 0.82 0.95 1.16 1.51 1.08 
Median 1.58 1.99 1.29 2.61 0.80 0.90 1.13 1.45 1.05 
Standard Deviation 0.57 0.74 0.31 0.88 0.27 0.28 0.27 0.35 0.21 
COV (%) 37.1 36.5 22.9 32.3 32.4 29.4 23.3 23.0 19.5 
Minimum 0.42 0.61 0.82 1.23 0.38 0.44 0.50 0.89 0.64 
(Vtest/Vpred)5% 0.62 0.91 0.97 1.53 0.46 0.53 0.75 1.02 0.75 
Maximum 3.23 4.59 2.42 5.13 1.45 1.64 2.00 2.62 1.85 
(Vtest/Vpred)95% 2.49 3.32 1.91 4.12 1.35 1.38 1.59 2.19 1.50 
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Fig. 10. Comparative analysis of the existing models to predict the shear strength of FRP RC beams with 
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FRP stirrups.  
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Fig. 11. Correlation of the predictions and experimental results in terms of Er·ρ. 
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Fig. 12. Correlation of the predictions and experimental results in terms of Et·ρt. 
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6. CONCLUSIONS 
A simple and rational model for the prediction of the shear strength of simply supported FRP 
reinforced concrete beams with FRP transverse reinforcement has been developed. The model is fully 
based on the principles of structural mechanics and on the observed experimental behaviour of these 
structures. The contribution of each shear transfer mechanism has been quantified for the ultimate limit 
state. Simplified direct equations for both design and verification have been derived and checked with a 
large set of experimental results. The following conclusions can be drawn from the studies made: 
1) In the proposed model, the shear strength is considered to be the sum of the shear 
transferred by the concrete compression chord, along the crack due to residual tensile stresses, 
and by the FRP stirrups. The shear failure of a beam is considered to take place when the 
principal tensile stress, at any point of the compression chord, reaches the tensile concrete 
strength. For simply supported beams subjected to point loads, such failure occurs at a critical 
section placed at the tip of the inclined critical shear crack closest to the support. 
2) The shear strength of the un-cracked concrete chord, Vc, increases as the amount of 
the transverse reinforcement ratio increases. This is due to the fact that, as the shear capacity 
increases due to the direct contribution of the stirrups, also the moment acting at the critical 
section increases and thus, the compression at the concrete chord. Such effect is evidenced from 
the moment equilibrium equations (Eq. 21).  
3) The modulus of elasticity of the longitudinal reinforcing bars used affects 
considerably the concrete shear strength, Vc. The higher is the modular ratio α between the FRP 
and the concrete modulus, the higher is the shear strength, because the neutral axis depth 
increases with the parameter α·ρ.  
4) In conventionally RC beams with steel stirrups, usually the stirrups yield at failure. 
In FRP RC beams with FRP stirrups, it is assumed that the shear failure occurs when the most 
loaded stirrup fail in a local manner at the bent zone. Then the remaining stirrups are still in the 
elastic range and the distribution of stresses along the stirrups crossing the shear critical crack is 
assumed linear. Then, the stirrups contribution to the shear strength depends on their stress level 
and has an upper limit related to the reduced strength of the stirrups at the bent zone. 
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5) The presence of FRP stirrups reduce the crack width, increasing the aggregate 
interlock effect in comparison to FRP RC beams without stirrups, where this effect can be 
neglected. The expression for the residual shear strength along the crack Vw depends on the 
concrete properties, on the neutral axis depth and also on the stirrups strain, which is limited by 
their local failure. 
6) In case a local rupture of the stirrups at the bent zone does not occur, and due to 
the high strength of the FRP rebars, a concrete crushing failure at the compression chord can 
develop at the load application point section. Therefore, the shear force associated to this failure 
mode is a lower limit value of the shear strength that should be verified. 
7) The derived formulae have been applied to predict the results of 112 shear tests on 
FRP reinforced concrete beams with FRP stirrups. Predictions made by other existing 
formulations and some provisions of current guidelines have been also compared with the 
experimental results. The results obtained by the proposed method are very good, in terms of 
mean value (1.08) and coefficient of variation (19.5%) of the ratio between the experimental and 
the predicted values, Vexp/Vpred. The coefficient of variation (COV) obtained is the lowest of all 
the methods studied. This fact is relevant, since the model with similar results [19] is based on 
genetic algorithms while the proposed method has been rationally derived, without any 
adjustment to the database. 
8) The model, derived from the principles of structural mechanics, provides physical 
explanations to the influence of each parameter included in the proposed equations, thus 
resulting very useful for design and assessment purposes. Consequently, a natural extension of 
the model can be done for shear strengthened members by means of external FRP sheets or 
laminates, by adapting the equations to account for the effects of the strengthening system. 
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Appendix 2. Database of 112 FRP reinforced concrete beams with FRP stirrups. 
 
Beam 
# 
Ref. b   
(mm) 
d      
(mm) 
fc    
(MPa) 
ρ
            
(%)
 
Er 
(GPa) 
ρt           
(%)
 
Et 
(GPa) 
fu.t 
(MPa) 
a/d Vtest    
(kN) 
Vpred  
(kN) 
Eqs. 
(31)-
(32)
 
Vtest/Vpred 
1 [4] 200 325 44.4 0.70 137 0.15 40 716 3.2 103.0 107.0 0.96 
2 [4] 200 325 44.7 0.70 137 0.15 40 716 3.2 106.0 107.3 0.99 
3 [4] 200 325 44.9 0.70 137 0.07 69 1511 3.2 85.0 102.0 0.83 
4 [4] 200 325 44.6 0.70 137 0.07 110 1413 2.2 162.0 121.8 1.33 
5 [4] 200 325 44.8 0.70 137 0.07 110 1413 3.2 83.0 117.8 0.70 
6 [4] 200 325 44.6 0.70 137 0.07 110 1413 4.3 74.0 112.9 0.66 
7 [4] 200 325 45.0 0.70 137 0.04 144 2040 3.2 98.0 111.9 0.88 
8 [4] 200 325 44.7 0.70 140 0.06 137 1746 3.2 108.0 119.2 0.91 
9 [4] 200 325 44.7 0.70 140 0.10 137 1746 3.2 157.0 128.3 1.22 
10 [4] 200 325 39.4 0.70 140 0.12 58 1089 3.2 103.0 103.9 0.99 
11 [4] 200 325 39.4 0.92 58 0.09 58 1236 3.2 83.0 87.7 0.95 
12 [4] 200 325 39.4 0.92 58 0.13 58 1236 3.2 98.0 94.0 1.04 
13 [4] 200 325 39.4 0.92 58 0.23 58 1236 3.2 132.0 110.0 1.20 
14 [4] 200 325 39.4 0.92 58 0.12 58 1089 3.2 107.0 93.3 1.15 
15 [4] 200 325 39.4 0.92 58 0.12 58 1089 3.2 78.0 93.3 0.84 
16 [4] 200 325 39.4 0.92 58 0.04 137 1746 3.2 86.0 98.1 0.88 
17 [4] 150 250 35.5 0.55 94 0.12 94 1283 2.5 58.0 66.3 0.88 
18 [4] 150 250 37.6 0.55 94 0.24 94 1283 2.5 82.0 79.1 1.04 
19 [4] 150 250 34.3 1.05 94 0.12 94 1283 2.5 71.0 72.8 0.97 
20 [4] 150 250 34.2 2.11 94 0.12 94 1283 2.5 81.0 82.9 0.98 
21 [4] 300 500 31.9 0.53 94 0.06 94 1283 2.5 160.0 172.0 0.93 
22 [4] 150 260 42.2 3.08 63 0.13 53 1766 3.1 60.0 80.8 0.74 
23 [4] 200 250 82.5 0.93 137 0.38 53 1278 3.0 172.2 131.5 1.31 
24 [4] 200 250 84.2 0.93 137 0.15 137 1278 3.0 194.2 138.6 1.40 
25 [4] 200 250 84.2 0.93 137 0.27 53 1278 3.0 140.3 117.3 1.20 
26 [4] 200 250 82.5 0.93 137 0.12 137 1278 3.0 182.9 134.7 1.36 
27 [17] 250 253 28.9 1.89 56 0.50 112 1284 1.2 246.0 191.6 1.28 
28 [17] 250 253 34.0 1.89 56 1.00 112 1284 1.2 310.7 281.7 1.10 
29 [17] 250 253 32.8 1.89 56 1.48 112 1284 1.2 358.7 359.4 1.00 
30 [17] 250 253 28.9 1.89 56 0.50 112 1284 1.8 203.8 189.9 1.07 
31 [17] 250 253 28.9 1.89 56 1.00 112 1284 1.8 276.4 246.4 1.12 
32 [17] 250 253 28.9 1.89 56 1.48 112 1284 1.8 282.2 246.4 1.15 
33 [17] 250 253 32.8 1.89 56 0.50 112 1284 2.4 158.8 193.9 0.82 
34 [17] 250 253 32.8 1.89 56 1.00 112 1284 2.4 229.3 201.1 1.14 
35 [17] 250 253 33.4 1.89 56 0.50 60 1372 1.8 200.9 176.9 1.14 
36 [17] 250 253 34.7 1.89 56 1.00 60 1372 1.8 271.5 266.4 1.02 
37 [17] 250 253 33.4 1.89 56 0.50 44 715 1.8 169.5 145.0 1.17 
38 [17] 250 253 33.4 1.89 56 1.00 44 715 1.8 243.0 190.9 1.27 
39 [17] 250 253 34.7 1.89 56 0.50 46 1352 1.8 175.4 171.4 1.02 
40 [17] 250 253 36.0 1.89 56 1.00 46 1352 1.8 228.3 259.5 0.88 
41 [17] 250 253 23.5 1.89 56 1.00 112 1284 1.8 206.8 214.3 0.96 
42 [17] 250 253 22.5 1.89 56 1.48 112 1284 1.8 221.5 208.2 1.06 
43 [17] 250 253 24.3 1.89 56 1.00 112 1284 2.4 182.3 164.4 1.11 
44 [17] 250 253 22.9 1.89 56 1.48 112 1284 2.4 191.1 158.0 1.21 
45 [17] 250 253 22.5 1.89 56 1.00 60 1372 1.8 190.1 208.2 0.91 
46 [17] 250 253 22.5 1.89 56 1.48 60 1372 1.8 202.9 208.2 0.97 
47 [17] 250 253 23.5 1.89 56 1.00 44 715 1.8 190.1 176.8 1.08 
48 [17] 250 253 23.5 1.89 56 1.48 44 715 1.8 211.7 214.3 0.99 
49 [17] 250 253 39.5 1.89 56 1.48 112 1284 1.8 292.0 302.5 0.97 
50 [17] 250 253 39.2 1.89 56 1.48 112 1284 2.4 226.4 225.8 1.00 
51 [28] 150 250 34.3 3.02 105 0.42 39 1100 3.0 113.0 100.4 1.13 
52 [28] 150 250 34.3 3.02 105 0.42 100 1300 3.0 126.0 121.6 1.04 
53 [28] 150 250 34.3 2.27 105 0.42 39 1100 3.0 116.0 95.2 1.22 
54 [28] 150 250 34.3 1.51 105 0.42 39 1100 2.0 123.0 90.6 1.36 
55 [28] 150 250 34.3 1.51 105 0.42 39 1100 4.0 73.0 82.7 0.88 
56 [29] 450 937 46.0 0.51 37 0.09 41 760 3.3 237.0 302.7 0.78 
57 [29] 450 857 36.0 2.23 37 0.09 41 760 3.6 500.0 339.9 1.47 
58 [29] 450 405 35.0 2.36 37 0.09 41 760 3.8 154.0 227.1 0.68 
59 [30] 300 441 48.3 3.65 66 0.25 32 322 3.0 252.0 287.1 0.88 
60 [30] 300 441 48.3 3.65 66 0.54 32 322 3.0 362.0 312.0 1.16 
61 [30] 300 441 43.3 3.65 66 0.38 32 322 3.0 240.0 284.2 0.84 
 1 
 2 
 3 
 4 
 5 
 6 
 7 
 8 
 9 
10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 
21 
22 
23 
24 
25 
26 
27 
28 
29 
30 
31 
32 
33 
34 
35 
36 
37 
38 
39 
40 
41 
42 
43 
44 
45 
46 
47 
48 
49 
50 
51 
52 
53 
54 
55 
56 
57 
58 
59 
60 
61 
62 
63 
64 
65 
Beam 
# 
Ref. b   
(mm) 
d      
(mm) 
fc    
(MPa) 
ρ
            
(%)
 
Er 
(GPa) 
ρt           
(%)
 
Et 
(GPa) 
fu.t 
(MPa) 
a/d Vtest    
(kN) 
Vpred  
(kN) 
Eqs. 
(31)-
(32)
 
Vtest/Vpred 
62 [30] 300 412 43.3 3.25 46 0.30 51 524 3.2 301.0 255.0 1.18 
63 [30] 300 412 46.8 3.25 46 0.14 51 524 3.2 220.0 242.0 0.91 
64 [30] 300 412 46.8 3.25 46 0.24 51 524 3.2 266.0 254.4 1.05 
65 [37] 150 250 34.0 1.07 100 0.43 30 600 2.5 110.0 73.3 1.50 
66 [37] 150 250 34.0 1.07 100 0.43 30 600 2.5 107.0 73.3 1.46 
67 [37] 150 250 34.0 1.07 100 0.43 30 600 2.5 131.0 73.3 1.79 
68 [37] 300 500 29.5 1.07 100 0.86 30 600 2.5 370.0 309.9 1.19 
69 [37] 450 750 29.5 1.07 100 1.28 30 600 2.5 590.0 806.4 0.73 
70 [38] 150 265 44.8 1.43 54 0.93 54 655 1.9 126.8 121.3 1.05 
71 [38] 150 265 44.8 1.43 54 0.62 54 655 1.9 115.0 105.1 1.09 
72 [38] 150 265 31.0 0.64 54 0.93 54 655 1.9 123.2 99.7 1.24 
73 [38] 150 265 31.0 0.64 54 0.62 54 655 1.9 123.3 85.8 1.44 
74 [39] 150 250 36.2 0.55 94 0.12 94 1308 2.5 59.0 66.4 0.89 
75 [39] 150 250 38.3 0.55 94 0.24 94 1308 2.5 84.0 79.5 1.06 
76 [39] 150 250 35.0 1.05 94 0.12 94 1308 2.5 73.0 73.1 1.00 
77 [39] 150 250 33.1 1.10 94 0.24 94 1308 2.5 89.0 84.1 1.06 
78 [39] 150 250 31.3 1.39 94 0.24 94 1308 2.5 95.0 85.8 1.11 
79 [39] 150 250 30.5 2.11 94 0.24 94 1308 2.5 120.0 91.2 1.32 
80 [39] 150 250 30.5 2.11 94 0.18 94 1308 2.5 86.0 85.1 1.01 
81 [39] 150 250 31.3 2.11 94 0.15 94 1308 2.5 75.0 82.9 0.91 
82 [39] 150 250 34.9 2.11 94 0.12 94 1308 2.5 83.0 83.3 1.00 
83 [40] 200 250 35.4 1.61 29 0.35 31 828 3.0 83.0 83.2 1.00 
84 [40] 200 250 33.4 1.61 29 0.35 31 828 3.0 100.0 81.8 1.22 
85 [40] 200 250 35.2 1.61 29 0.18 31 828 3.0 56.0 69.1 0.81 
86 [40] 200 250 35.2 1.61 29 0.18 31 828 3.0 66.0 69.1 0.95 
87 [41] 200 310 35.5 1.37 36 0.21 42 565 3.2 68.5 94.8 0.72 
88 [41] 200 310 35.5 1.37 36 0.21 42 565 3.2 57.8 94.8 0.61 
89 [41] 200 309 35.2 1.28 43 0.40 42 565 2.4 109.0 111.6 0.98 
90 [42] 150 210 39.8 1.31 45 0.35 45 750 3.3 49.0 65.1 0.75 
91 [42] 150 210 39.8 1.31 45 0.35 45 750 2.2 67.0 66.3 1.01 
92 [43] 178 279 24.1 2.30 40 0.39 40 717 2.7 129.0 86.9 1.48 
93 [44] 200 310 35.5 1.37 36 0.21 42 565 3.2 68.5 94.9 0.72 
94 [44] 200 309 35.7 1.29 43 0.40 42 565 2.4 108.9 111.9 0.97 
95 [45] 457 883 38.8 0.60 41 0.22 41 690 3.1 245.5 353.8 0.69 
96 [46] 150 170 20.0 0.62 46 0.29 46 970 4.1 20.5 20.9 0.98 
97 [46] 150 170 20.0 1.54 46 0.29 46 970 4.1 28.6 29.2 0.98 
98 [46] 150 170 25.4 0.62 46 0.29 46 970 4.1 23.5 24.2 0.97 
99 [46] 150 170 25.4 1.54 46 0.29 46 970 4.1 33.4 34.2 0.98 
100 [46] 150 170 20.0 0.89 115 0.29 115 2000 4.1 39.3 32.8 1.20 
101 [46] 150 170 25.4 0.89 115 0.29 115 2000 4.1 39.8 38.7 1.03 
102 [47] 250 253 37.7 1.71 61 1.05 61 822 1.2 271.7 224.1 1.21 
103 [47] 250 253 37.3 1.71 61 1.05 61 822 1.2 252.1 223.6 1.13 
104 [47] 250 253 37.7 1.71 61 1.05 61 822 1.8 264.9 222.1 1.19 
105 [47] 250 253 32.9 1.71 61 0.51 113 903 1.8 158.9 194.2 0.82 
106 [47] 250 253 37.3 1.71 61 1.03 113 903 1.8 267.8 260.5 1.03 
107 [47] 250 253 37.7 1.71 61 1.03 113 903 1.2 278.6 263.1 1.06 
108 [47] 250 253 32.9 1.71 61 1.03 113 903 1.8 286.5 253.7 1.13 
109 [47] 250 253 32.9 1.71 61 1.03 113 903 1.8 229.6 253.7 0.91 
110 [47] 250 253 28.9 1.71 61 1.50 113 903 1.2 359.0 303.4 1.18 
111 [47] 250 253 28.9 1.71 61 1.50 113 903 1.8 217.8 243.8 0.89 
112 [47] 250 253 32.9 1.71 61 1.50 113 903 2.4 262.9 199.3 1.32 
 
 
Table 1. Range of variables in the compiled database of 112 tests of FRP RC beams with FRP stirrups. 
 Min Max 
b (mm) 150 457 
d (mm) 170 937 
a/d 1.2 4.3 
fc (MPa) 20.0 84.2 
 (%) 0.51 3.65 
Er (GPa) 29 140 
 Er (MPa) 34 3171 
t (%) 0.04 1.50 
Et (GPa) 30 144 
t Et (MPa) 38 1695 
Vu (kN) 49 590 
 
Table 1
Table 2. Verification of the design procedures 
  112 beams with FRP stirrups 
Vtest/Vpred 
ACI 
440.1R-06 
[8] 
CSA S6-09 
Add. [10] 
 
CSA S806-
12 
[11] 
JSCE 
[12] 
CNR-DT-
203/2006 
[9] 
Fico et al. 
[3] 
Nehdi et al. 
[19] 
Hegger et 
al. [20] Proposal 
Average  1.54 2.03 1.33 2.73 0.82 0.95 1.16 1.51 1.08 
Median 1.58 1.99 1.29 2.61 0.80 0.90 1.13 1.45 1.05 
Standard Deviation 0.57 0.74 0.31 0.88 0.27 0.28 0.27 0.35 0.21 
COV (%) 37.1 36.5 22.9 32.3 32.4 29.4 23.3 23.0 19.5 
Minimum 0.42 0.61 0.82 1.23 0.38 0.44 0.50 0.89 0.64 
(Vtest/Vpred)5% 0.62 0.91 0.97 1.53 0.46 0.53 0.75 1.02 0.75 
Maximum 3.23 4.59 2.42 5.13 1.45 1.64 2.00 2.62 1.85 
(Vtest/Vpred)95% 2.49 3.32 1.91 4.12 1.35 1.38 1.59 2.19 1.50 
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 Appendix 2. Database of 112 FRP reinforced concrete beams with FRP stirrups. 
 
Beam 
# 
Ref. b   
(mm) 
d      
(mm) 
fc    
(MPa) 
            
(%) 
Er 
(GPa) 
t           
(%) 
Et 
(GPa) 
fu.t 
(MPa) 
a/d Vtest    
(kN) 
Vpred  
(kN) 
Eqs. 
(31)-
(32) 
Vtest/Vpred 
1 [4] 200 325 44.4 0.70 137 0.15 40 716 3.2 103.0 107.0 0.96 
2 [4] 200 325 44.7 0.70 137 0.15 40 716 3.2 106.0 107.3 0.99 
3 [4] 200 325 44.9 0.70 137 0.07 69 1511 3.2 85.0 102.0 0.83 
4 [4] 200 325 44.6 0.70 137 0.07 110 1413 2.2 162.0 121.8 1.33 
5 [4] 200 325 44.8 0.70 137 0.07 110 1413 3.2 83.0 117.8 0.70 
6 [4] 200 325 44.6 0.70 137 0.07 110 1413 4.3 74.0 112.9 0.66 
7 [4] 200 325 45.0 0.70 137 0.04 144 2040 3.2 98.0 111.9 0.88 
8 [4] 200 325 44.7 0.70 140 0.06 137 1746 3.2 108.0 119.2 0.91 
9 [4] 200 325 44.7 0.70 140 0.10 137 1746 3.2 157.0 128.3 1.22 
10 [4] 200 325 39.4 0.70 140 0.12 58 1089 3.2 103.0 103.9 0.99 
11 [4] 200 325 39.4 0.92 58 0.09 58 1236 3.2 83.0 87.7 0.95 
12 [4] 200 325 39.4 0.92 58 0.13 58 1236 3.2 98.0 94.0 1.04 
13 [4] 200 325 39.4 0.92 58 0.23 58 1236 3.2 132.0 110.0 1.20 
14 [4] 200 325 39.4 0.92 58 0.12 58 1089 3.2 107.0 93.3 1.15 
15 [4] 200 325 39.4 0.92 58 0.12 58 1089 3.2 78.0 93.3 0.84 
16 [4] 200 325 39.4 0.92 58 0.04 137 1746 3.2 86.0 98.1 0.88 
17 [4] 150 250 35.5 0.55 94 0.12 94 1283 2.5 58.0 66.3 0.88 
18 [4] 150 250 37.6 0.55 94 0.24 94 1283 2.5 82.0 79.1 1.04 
19 [4] 150 250 34.3 1.05 94 0.12 94 1283 2.5 71.0 72.8 0.97 
20 [4] 150 250 34.2 2.11 94 0.12 94 1283 2.5 81.0 82.9 0.98 
21 [4] 300 500 31.9 0.53 94 0.06 94 1283 2.5 160.0 172.0 0.93 
22 [4] 150 260 42.2 3.08 63 0.13 53 1766 3.1 60.0 80.8 0.74 
23 [4] 200 250 82.5 0.93 137 0.38 53 1278 3.0 172.2 131.5 1.31 
24 [4] 200 250 84.2 0.93 137 0.15 137 1278 3.0 194.2 138.6 1.40 
25 [4] 200 250 84.2 0.93 137 0.27 53 1278 3.0 140.3 117.3 1.20 
26 [4] 200 250 82.5 0.93 137 0.12 137 1278 3.0 182.9 134.7 1.36 
27 [17] 250 253 28.9 1.89 56 0.50 112 1284 1.2 246.0 191.6 1.28 
28 [17] 250 253 34.0 1.89 56 1.00 112 1284 1.2 310.7 281.7 1.10 
29 [17] 250 253 32.8 1.89 56 1.48 112 1284 1.2 358.7 359.4 1.00 
30 [17] 250 253 28.9 1.89 56 0.50 112 1284 1.8 203.8 189.9 1.07 
31 [17] 250 253 28.9 1.89 56 1.00 112 1284 1.8 276.4 246.4 1.12 
32 [17] 250 253 28.9 1.89 56 1.48 112 1284 1.8 282.2 246.4 1.15 
33 [17] 250 253 32.8 1.89 56 0.50 112 1284 2.4 158.8 193.9 0.82 
34 [17] 250 253 32.8 1.89 56 1.00 112 1284 2.4 229.3 201.1 1.14 
35 [17] 250 253 33.4 1.89 56 0.50 60 1372 1.8 200.9 176.9 1.14 
36 [17] 250 253 34.7 1.89 56 1.00 60 1372 1.8 271.5 266.4 1.02 
37 [17] 250 253 33.4 1.89 56 0.50 44 715 1.8 169.5 145.0 1.17 
38 [17] 250 253 33.4 1.89 56 1.00 44 715 1.8 243.0 190.9 1.27 
39 [17] 250 253 34.7 1.89 56 0.50 46 1352 1.8 175.4 171.4 1.02 
40 [17] 250 253 36.0 1.89 56 1.00 46 1352 1.8 228.3 259.5 0.88 
41 [17] 250 253 23.5 1.89 56 1.00 112 1284 1.8 206.8 214.3 0.96 
42 [17] 250 253 22.5 1.89 56 1.48 112 1284 1.8 221.5 208.2 1.06 
43 [17] 250 253 24.3 1.89 56 1.00 112 1284 2.4 182.3 164.4 1.11 
44 [17] 250 253 22.9 1.89 56 1.48 112 1284 2.4 191.1 158.0 1.21 
45 [17] 250 253 22.5 1.89 56 1.00 60 1372 1.8 190.1 208.2 0.91 
46 [17] 250 253 22.5 1.89 56 1.48 60 1372 1.8 202.9 208.2 0.97 
47 [17] 250 253 23.5 1.89 56 1.00 44 715 1.8 190.1 176.8 1.08 
48 [17] 250 253 23.5 1.89 56 1.48 44 715 1.8 211.7 214.3 0.99 
49 [17] 250 253 39.5 1.89 56 1.48 112 1284 1.8 292.0 302.5 0.97 
50 [17] 250 253 39.2 1.89 56 1.48 112 1284 2.4 226.4 225.8 1.00 
51 [28] 150 250 34.3 3.02 105 0.42 39 1100 3.0 113.0 100.4 1.13 
52 [28] 150 250 34.3 3.02 105 0.42 100 1300 3.0 126.0 121.6 1.04 
53 [28] 150 250 34.3 2.27 105 0.42 39 1100 3.0 116.0 95.2 1.22 
54 [28] 150 250 34.3 1.51 105 0.42 39 1100 2.0 123.0 90.6 1.36 
55 [28] 150 250 34.3 1.51 105 0.42 39 1100 4.0 73.0 82.7 0.88 
56 [29] 450 937 46.0 0.51 37 0.09 41 760 3.3 237.0 302.7 0.78 
57 [29] 450 857 36.0 2.23 37 0.09 41 760 3.6 500.0 339.9 1.47 
58 [29] 450 405 35.0 2.36 37 0.09 41 760 3.8 154.0 227.1 0.68 
59 [30] 300 441 48.3 3.65 66 0.25 32 322 3.0 252.0 287.1 0.88 
60 [30] 300 441 48.3 3.65 66 0.54 32 322 3.0 362.0 312.0 1.16 
61 [30] 300 441 43.3 3.65 66 0.38 32 322 3.0 240.0 284.2 0.84 
Table Appendix 2
Beam 
# 
Ref. b   
(mm) 
d      
(mm) 
fc    
(MPa) 
            
(%) 
Er 
(GPa) 
t           
(%) 
Et 
(GPa) 
fu.t 
(MPa) 
a/d Vtest    
(kN) 
Vpred  
(kN) 
Eqs. 
(31)-
(32) 
Vtest/Vpred 
62 [30] 300 412 43.3 3.25 46 0.30 51 524 3.2 301.0 255.0 1.18 
63 [30] 300 412 46.8 3.25 46 0.14 51 524 3.2 220.0 242.0 0.91 
64 [30] 300 412 46.8 3.25 46 0.24 51 524 3.2 266.0 254.4 1.05 
65 [37] 150 250 34.0 1.07 100 0.43 30 600 2.5 110.0 73.3 1.50 
66 [37] 150 250 34.0 1.07 100 0.43 30 600 2.5 107.0 73.3 1.46 
67 [37] 150 250 34.0 1.07 100 0.43 30 600 2.5 131.0 73.3 1.79 
68 [37] 300 500 29.5 1.07 100 0.86 30 600 2.5 370.0 309.9 1.19 
69 [37] 450 750 29.5 1.07 100 1.28 30 600 2.5 590.0 806.4 0.73 
70 [38] 150 265 44.8 1.43 54 0.93 54 655 1.9 126.8 121.3 1.05 
71 [38] 150 265 44.8 1.43 54 0.62 54 655 1.9 115.0 105.1 1.09 
72 [38] 150 265 31.0 0.64 54 0.93 54 655 1.9 123.2 99.7 1.24 
73 [38] 150 265 31.0 0.64 54 0.62 54 655 1.9 123.3 85.8 1.44 
74 [39] 150 250 36.2 0.55 94 0.12 94 1308 2.5 59.0 66.4 0.89 
75 [39] 150 250 38.3 0.55 94 0.24 94 1308 2.5 84.0 79.5 1.06 
76 [39] 150 250 35.0 1.05 94 0.12 94 1308 2.5 73.0 73.1 1.00 
77 [39] 150 250 33.1 1.10 94 0.24 94 1308 2.5 89.0 84.1 1.06 
78 [39] 150 250 31.3 1.39 94 0.24 94 1308 2.5 95.0 85.8 1.11 
79 [39] 150 250 30.5 2.11 94 0.24 94 1308 2.5 120.0 91.2 1.32 
80 [39] 150 250 30.5 2.11 94 0.18 94 1308 2.5 86.0 85.1 1.01 
81 [39] 150 250 31.3 2.11 94 0.15 94 1308 2.5 75.0 82.9 0.91 
82 [39] 150 250 34.9 2.11 94 0.12 94 1308 2.5 83.0 83.3 1.00 
83 [40] 200 250 35.4 1.61 29 0.35 31 828 3.0 83.0 83.2 1.00 
84 [40] 200 250 33.4 1.61 29 0.35 31 828 3.0 100.0 81.8 1.22 
85 [40] 200 250 35.2 1.61 29 0.18 31 828 3.0 56.0 69.1 0.81 
86 [40] 200 250 35.2 1.61 29 0.18 31 828 3.0 66.0 69.1 0.95 
87 [41] 200 310 35.5 1.37 36 0.21 42 565 3.2 68.5 94.8 0.72 
88 [41] 200 310 35.5 1.37 36 0.21 42 565 3.2 57.8 94.8 0.61 
89 [41] 200 309 35.2 1.28 43 0.40 42 565 2.4 109.0 111.6 0.98 
90 [42] 150 210 39.8 1.31 45 0.35 45 750 3.3 49.0 65.1 0.75 
91 [42] 150 210 39.8 1.31 45 0.35 45 750 2.2 67.0 66.3 1.01 
92 [43] 178 279 24.1 2.30 40 0.39 40 717 2.7 129.0 86.9 1.48 
93 [44] 200 310 35.5 1.37 36 0.21 42 565 3.2 68.5 94.9 0.72 
94 [44] 200 309 35.7 1.29 43 0.40 42 565 2.4 108.9 111.9 0.97 
95 [45] 457 883 38.8 0.60 41 0.22 41 690 3.1 245.5 353.8 0.69 
96 [46] 150 170 20.0 0.62 46 0.29 46 970 4.1 20.5 20.9 0.98 
97 [46] 150 170 20.0 1.54 46 0.29 46 970 4.1 28.6 29.2 0.98 
98 [46] 150 170 25.4 0.62 46 0.29 46 970 4.1 23.5 24.2 0.97 
99 [46] 150 170 25.4 1.54 46 0.29 46 970 4.1 33.4 34.2 0.98 
100 [46] 150 170 20.0 0.89 115 0.29 115 2000 4.1 39.3 32.8 1.20 
101 [46] 150 170 25.4 0.89 115 0.29 115 2000 4.1 39.8 38.7 1.03 
102 [47] 250 253 37.7 1.71 61 1.05 61 822 1.2 271.7 224.1 1.21 
103 [47] 250 253 37.3 1.71 61 1.05 61 822 1.2 252.1 223.6 1.13 
104 [47] 250 253 37.7 1.71 61 1.05 61 822 1.8 264.9 222.1 1.19 
105 [47] 250 253 32.9 1.71 61 0.51 113 903 1.8 158.9 194.2 0.82 
106 [47] 250 253 37.3 1.71 61 1.03 113 903 1.8 267.8 260.5 1.03 
107 [47] 250 253 37.7 1.71 61 1.03 113 903 1.2 278.6 263.1 1.06 
108 [47] 250 253 32.9 1.71 61 1.03 113 903 1.8 286.5 253.7 1.13 
109 [47] 250 253 32.9 1.71 61 1.03 113 903 1.8 229.6 253.7 0.91 
110 [47] 250 253 28.9 1.71 61 1.50 113 903 1.2 359.0 303.4 1.18 
111 [47] 250 253 28.9 1.71 61 1.50 113 903 1.8 217.8 243.8 0.89 
112 [47] 250 253 32.9 1.71 61 1.50 113 903 2.4 262.9 199.3 1.32 
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Figure 12
